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Abstract

An unconventional scheme is used to estimate the flexural rigidity, or equivalently the elastic thickness of the
lithosphere, given the topography and gravity data. The flexural rigidity is the parameter that governs the flexural
response of the lithosphere in the frame of the thin plate flexure model. The scheme is an alternative to the widely
used calculation of admittance of topography (sea-floor or continental topography) and gravity, bearing some
advantages which are explained in the paper. The scheme involves the inversion of the gravity data in order to
formulate a model of the crust^mantle interface (CMI) undulations. In a second step the flexure parameter is then
evaluated from the relation between topography and CMI variations. Instead of calculating the admittance function
using a spectral analysis, a set of point-load response functions are used in order to retrieve the optimal flexure
parameter. This has two main advantages: instabilities of the numerical admittance evaluation at wavenumbers with
low spectral energy in the topography are overcome and the analysis can be made over an area which is not
necessarily rectangular, as required for the spectral analysis. The proposed method allows a higher space resolution of
elastic thickness than any spectral method. For validation, the numerical strategy is applied to the situation of a
realistic synthetic model, where all inputs and outputs are known a priori. Finally the spatial variations of the elastic
thickness are studied in an area across the Eastern Alps. 4 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

The thin plate isostatic £exure model is a well-
established modern formulation of the model of
regional isostatic compensation. It has evolved
from the isostatic model of Vening Meinesz [1],

who ¢rst quanti¢ed the £exure model of isostasy.
The model describes the lithospheric or oceanic
lithosphere as an elastic thin plate that £exes elas-
tically in response to external and internal loads.
The outer loads are de¢ned by the topography in
continental areas, and by the bathymetry in oce-
anic areas. The inner loads are due to lateral den-
sity variations. Although being a relatively simple
mathematical model, the predictions concerning
the deformation due to loading and unloading
have close agreement to the observations in di-
verse situations, as e.g. post-glacial rebound and
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the loading of the oceanic crust due to submarine
volcanoes. Further examples regard the study of
orogenic belts and the evolution of sedimentary
basins. For an exhaustive discussion of the di¡er-
ent applications reference is made to the book by
Watts [2], where a compendium of most of the
existing literature on the subject can be found.
It is a key issue in the understanding of the

structure and evolution of the lithosphere to de-
termine the spatial variations of £exural rigidity
or equivalently elastic thickness (Te, see expres-
sion below relating the two). A compilation of
139 published Te estimates in oceanic areas has
shown that the £exural rigidity correlates well
with the age of the lithosphere at the time of
loading. The oceanic elastic thickness Te, with
values between 0 and 65 km, is approximately
given by the depth to the 300^600‡ isotherm
([2], p. 241). A compilation of all existing 82 esti-
mates of Te in continental areas has found greater
scatter of the values (0^130 km) and no simple
dependency on load age ([2], p. 250). Instead it
has been suggested that crustal composition is an
important factor a¡ecting Te, as it controls the
rheology and the geothermal gradient. Burov
and Diament [3] developed an analytical and nu-
merical approach to explain Te in terms of the
lithospheric rheology, thermal structure, and
strain/stress distribution, allowing a means to con-
strain the lithospheric structure from estimates of
Te.
The retrieval of spatial variations of Te has

been made in the past either by working on a
series of adjacent pro¢les (e.g. [4], for continents;
[5] for oceans), or on a mosaic of rectangular
areas (e.g. [6] for continents ; [7], for oceans),
where for each pro¢le or area one value of Te is
¢tted. The modelling of £exure is accomplished
either in the spectral domain or in the spatial
domain. The data that are used in the calculations
are generally the gravity ¢eld and the load given
by both the topography or bathymetry and the
crustal density inhomogeneities. In the spectral
domain the admittance and coherence of the
load and the gravity ¢eld is determined.
The admittance Z(k) is computed from the

spectra and the cross-spectra of the gravity and
topography at wavenumbers k with (e.g. [8]) :

ZðkÞ ¼ MGBð k!ÞHð k!Þ�fM
GHð k!ÞHð k!Þ�f

ð1Þ

where H( k
!
) and B( k

!
) are the Fourier transforms

(FT) of the topography and the gravity, respec-
tively, k

!
=(kx, ky) = 2Z(vx, vy) is the two-dimen-

sional wavenumber, vx and vy are the spatial fre-
quencies along the x- and y-axis. The brackets
indicate averaging over annuli of width dk, and
* stands for complex conjugate.
The coherence Q(k) is computed in a similar

manner by:

QðkÞ ¼ GBð k!ÞHð k!Þ�f2

GHð k!ÞHð k!Þ�fGBð k!ÞBð k!Þ�f
ð2Þ

A discussion on the di¡erent £avors of calculating
these expressions can be found in McKenzie and
Fairhead [9] and Banks et al. [10]. The admittance
and coherence analysis su¡er from several com-
mon problems. The ¢rst is the poor stability of
the estimated values in case of small topographic
load, as the spectral values enter the calculations
in the denominator and can lead to numerical
problems at wavenumbers at which the spectral
coe⁄cients are small ; a further problem emerges
in the case that spatial variations of the elastic
thickness are present in the investigated structure.
The expected £exure admittance curves, de¢ned in
major detail below, require a high spectral resolu-
tion and consequently spatial extensions of the
analyzed window of at least several hundred kilo-
meters in one direction. Higher spatial resolution
can be achieved by using the maximum entropy
spectral evaluation [6], but it remains intrinsically
limited. Consequently also the inverted elastic
thickness values represent an average over a large
area and spatial variations are di⁄cult to retrieve.
Another handicap is due to the fact that the spec-
tral analysis in 2D requires a square map of to-
pography and gravity data availability, which is
sometimes not available due to geographical rea-
sons. The consequence of this can be a substantial
geographical reduction of the studied area, due to
a trimming to a rectangular area.
In the spatial domain the £exure due to the
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load can be solved using ¢nite element (FE), anal-
ogous numerical methods or analytical models
(e.g. [11,4]). Another methodology consists in
¢nding the expression of the deformation of the
elastic plate due to a point load. The £exure due
to an arbitrarily shaped distributed load can then
be calculated from the convolution of the point-
load response function with the load. This proce-
dure was followed by Watts et al. [12], who obtain
the radial response function from a series expan-
sion around the origin of the de£ection due to a
point load centered in the origin. The method has
been pursued successively by Cazenave et al. [13]
and applied in oceanic areas (e.g. [5,7]). The re-
trieval of Te in these works is done by ¢tting the
gravity ¢eld produced by the load and the £exed
lithosphere to the observed gravity ¢eld. The £ex-
ure is evaluated for di¡erent values of Te and the
modelled gravity ¢eld is calculated for each case,
until a satisfying agreement between the model
and the observations has been found.
If available, additional geophysical constraints

can be used in the modelling. Canales and Dano-
beitia [14] use seismic lines to constrain the am-
plitude of a subsurface load, comparing the ob-
served basement depth with the predictions from
the £exure model.
In the present paper a scheme is proposed in

which di¡erent aspects of the above practices are
merged. The lithosphere is assumed to deform
elastically in response to su⁄ciently old loads
(s 106 yr) according to the thin plate model.
The £exural rigidity of the lithosphere is allowed
to vary spatially. The lithosphere is allowed to
have density variations that are considered as in-
ternal loads and added to the external topo-
graphic or bathymetric load. The £exure model-
ling is accomplished in the spatial domain in a
manner similar to the one proposed by Watts et
al. [12], and the Te is modelled in 2D. The meth-
odology involves the convolution of the load with
the response functions of the elastic plate model
to a point load, obtaining the model £exure. The
response functions are calculated through the 2D
inverse FT of the £exure ¢lter function de¢ned
below. The model £exure is compared to the ob-
served £exure of the lithosphere, which is assumed
to be equal to the CMI undulations, which are

obtained by constrained gravity inversion or for-
ward modelling. All geophysical constraints re-
garding structure or geological models, from
which density variations can be estimated, are
taken into account in order to obtain a model
of the CMI undulations by inversion or forward
modelling of the observed gravity data.
In the following the above problems are illus-

trated with some practical examples. First the sit-
uation of a synthetic £exure model is constructed,
where all parameters can be controlled and di¡er-
ent cases tested. Then the method is applied to
the Eastern Alpine area, taking advantage of an
existing 3D density model, formulated by con-
strained gravity inversion and forward modelling.

2. The thin plate elastic model

For a homogeneous isotropic elastic thin plate,
such as the lithosphere at large scale, the £exure
w(x, y) of the plate loaded by a load h(x, y), in
frequency space is de¢ned by the transfer function
F( k
!
) (e.g. [2,15,26]):

W ð k!Þ ¼ Fð k!ÞHð k!Þ ¼ b l

bm3b infill þ
D
g
M k
!
M4
Hð k!Þ

ð3Þ

where W( k
!
) is the FT of the £exure w( r!) of the

plate, H( k
!
) is the FT of the load, bm, binfill, bl are

the densities of the mantle, of the material ¢lling
the £exural depression, and the load, respectively,
g is the normal gravity. r!= (x, y) is the space-
vector, k

!
= (kx, ky) = 2Z(vx, vy) is the two-dimen-

sional wavenumber, vx and vy are the spatial fre-
quencies along the x- and y-axis, respectively, and
D is the £exural rigidity of the plate, which is a
function of Young’s modulus E, the Poisson ratio
c, and the equivalent elastic thickness Te as:

D ¼ ET3e
12ð13c

2Þ ð4Þ

In the paper we refer to the elastic thickness in-
stead of to the £exural rigidity. We adopt stan-
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dard values for the parameters that allow to ex-
press elastic thickness in terms of £exural rigidity,
with E=1011 Pa and c=0.25. The elastic thick-
ness must be scaled accordingly for a di¡erent
choice of the rheological model.
In the thin plate £exure model it is generally

assumed that the £exure w( r!) approximately
equals the deviations from the £atness of the
CMI. Therefore Eq. 3 gives the linear relation
F( k
!
) between the FTs of the sum of the topo-

graphic and subsurface loads and the CMI undu-
lations. F( k

!
) is characteristic of the elastic thick-

ness of the thin plate.
For the case of an inhomogeneous plate, F( k

!
)

is dependent on position r!. The load is given by
the sum of the subsurface and surface load, the
latter being given by surface topography in con-
tinental areas, by ocean £oor topography in oce-
anic areas.

3. Flexure and the gravity ¢eld

As mentioned above, the modelling of the £ex-
ure is frequently done assuming the load and the
gravity ¢eld (e.g. [6,10]), instead of assuming the
undulations of the CMI, because of di⁄culties in
retrieving broad areas mapped by seismic imaging
of the CMI undulations.
The gravity ¢eld of the £exed lithosphere can

be approximated by the gravity contribution of
the CMI £exure, as at the CMI the greatest den-
sity jump occurs. The gravity e¡ect can be eval-
uated by a series expansion of the FT of the
n-power of w( r!) [16] :

FT½vgð r!Þ� ¼

32ZGðbm3b cÞe3M k
!

Md
Xr
n¼1

M k
!
M
n31

n!
FT½wnð r!Þ�

ð5aÞ

with vgm( r!) denoting the gravity ¢eld produced
by the CMI, d the average depth of the CMI, and
G the universal gravity constant. bc is the crustal
density, and all remaining variables are as in pre-
vious equations. d is measured from the zero

height level. A further approximation is then
made, and the series expansion is truncated at
the ¢rst term (n=1), in order to obtain a linear
relation between the FT of the £exure and the
gravity ¢eld:

FT½vgmð r!Þ� ¼ 32ZGðbm3b cÞe3M k
!

MdW ð k!Þ
ð5bÞ

This, together with Eq. 3 gives:

FT½vgmð r!Þ� ¼ 32ZGðbm3b cÞe3M k
!

Md

bm3b infill þ
D
g
M k
!
M4

b lHð k!Þ

ð5cÞ

Once again the transfer function relating the to-
pography and the gravity is linear, and the rele-
vant parameters can be determined by ¢tting the
experimental admittance or coherence (see Eqs. 1
and 2). This has been done extensively in many
publications (e.g. [15]).
There exist several problems inherent in using

this broadly used method of determining the £ex-
ure parameter D. The ¢rst problem is connected
to the fact that the above expression is from an
approximation: it de¢nes the gravity ¢eld caused
by an in¢nitely thin £at sheet of surface density c :

c ð r!Þ ¼ 2Zðbm3b cÞwð r!Þ ð6Þ

lying at the depth d. For a downward-£exed plate,
the gravity ¢eld will always be overestimated by
Eq. 5b, as is proved in the Appendix. This fact is
illustrated in Fig. 1, where the upward-continued
¢eld and the analytical ¢eld of a synthetic crustal
root (density contrast 3500 kg m33) is calculated:
the energy of the upward-continued ¢eld is about
20% greater than the energy of the correct ¢eld.
Consequently the elastic thickness is in danger of
being overestimated: from the observed gravity
data, it is interpreted by a plate which £exes less
than it should do to produce the given gravity
e¡ect, and thus it is sti¡er.
One way to overcome this problem is to calcu-

late the £exure for di¡erent £exure parameters,
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and for each case evaluate the gravity ¢eld by the
Parker series expansion. The calculated gravity
¢eld is then best ¢tted to the observed ¢eld.
This procedure has been made e.g. by Calmant
[5] for the study of £exure in oceanic areas.
Another analysis scheme, which we pursue, sep-

arates the modelling of the CMI from the £exure
analysis. In a ¢rst step, the CMI undulations are
inverted by analyzing the long-wavelength com-
ponent of the observed gravity ¢eld. Results
from seismic investigations may be used to con-
strain the CMI solution. The solution may also be
improved by modelling the upper crustal struc-
tures, taking sedimentary basins or other evident
features known from geological investigations
into account. These are important structures in
the £exure analysis, as they not only a¡ect the
gravity ¢eld, but also the load. This can be done
e.g. by using the iterative hybrid spectral-classical
inversion method which has already been exten-
sively tested on synthetic models [17] and in var-
ious geographical areas as Alps [18,19], Tibet
[20,21]) and Karakorum [22]. In a second step,
the relation between topography and CMI signals
is investigated in order to ¢nd the £exure param-
eters.

4. Describing and testing the method of £exure
convolution analysis

The classical method for admittance and coher-
ence computation is based on the evaluation of
the 2D FTs of both gravity and topography grids,
and then of the ratio of the respective spectra. As

directional isotropy of admittance is generally as-
sumed, at each resolved wavenumber, the spectral
coe⁄cients are averaged over all azimuthal direc-
tions. Some drawbacks come along with this spec-
tral approach. The ¢rst one is that it involves an
averaging process over the entire grid used in the
spectral evaluation. Spatial variations in elastic
thickness may consequently be retrieved only to
a limited extent. The second problem is due to the
fact that the ratio goes to in¢nity when the spec-
tral coe⁄cients of the topography go to zero, as
they appear in the denominator. Alternatively the
calculation can be operated in space domain, and
involves convolution of the topography grid with
the £exural response to a point load. In the se-
quel, this £exural response function is called the
impulse response of the ¢lter as it is associated to
the £exure process. The ¢lter function F( k

!
) for

£exure (Eq. 3) is radially symmetric, as well as the
impulse response. The impulse response functions
are obtained numerically by the inverse FTs of
the transfer function F( k

!
), which relates topogra-

phy to £exure in frequency space. The numerical
calculation of the response functions requires
some attention regarding the frequency resolution
and the Nyquist frequency adopted in the inverse
FT. The choice of the parameters (size of grid N,
Nyquist frequency fN) of the spectral grid with the
values of the transfer function is motivated by

Fig. 1. Upward-continued and analytical gravity ¢eld versus
section (along x or y) for a synthetic crustal root.

Fig. 2. Response of £exure to a point load for di¡erent val-
ues of the elastic thickness. The vertical axis on the left cor-
responds to Te = 1, 3 and 5 km, the Te axis on the right is
for 10, 15, 25, 40 km.
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two conditions: (1) the necessity of covering the
¢lter function to su⁄ciently high-frequency com-
ponents and with a su⁄ciently high frequency res-
olution, and (2) by the condition of obtaining the
impulse response with a sampling interval compa-
rable to that of the topography grid. The ful¢ll-
ment of these conditions is limited by ¢nite com-
puter capacity, and a compromise must be made.
The technical details on the calculation of the
impulse response are reported in the Appendix.
The impulse responses are plotted in Fig. 2,
for values of elastic thickness from Te = 1 km
to Te = 40 km, and parameters are de¢ned in
Table 1, synthetic model. As expected for a sti¡er
plate (greater Te), the impulse response is smaller
and decays more slowly with distance. For low Te
the response curves show a £exural bulge, and
then decay to zero values toward greater distan-
ces.

5. Synthetic example

The method is tested in a controlled model sit-
uation, where all parameters which enter the com-
putation are known. The £exure load is given by
the topography of the Alpine arch and the litho-
spheric £exure is calculated adopting synthetic
model Te values. The Te model with a resolution
of 15 km is shown in Fig. 3A (kilometric axes in
Gauss^Kru«ger projection). The 5-km resolution
model of topography is shown in Fig. 3B. The
synthetic CMI undulations (Fig. 3C) are obtained
solving the £exure equations by ¢nite di¡erence.
The calculations were kindly performed by Paul
Wyer at Oxford University. Numerical values of

model parameters from Eq. 3 are reported in
Table 1.
The geographical dimensions of the CMI model

are 550 km by 500 km, which are relatively small
for the admittance/coherence analysis to be car-
ried out, but do not present any problem of lim-
itation for the convolution method. In order to
test the stability of the method, we add noise to
the data of our synthetic £exure CMI. This noise
is Gaussian and its standard deviation is 5% per-
cent of the maximum excursion of the CMI un-
dulation. Di¡erent percentage values were tested,
and it was found that values greater than 5%
mask the CMI undulations too much, and are
unrealistic. In fact, already the 5% value masks
the CMI undulations considerably, as can be ob-
served in Fig. 3D. The topography and the syn-
thetic £exure CMI are the input to the £exure
analysis by the convolution method. The impulse
£exure response curves that are convolved with
the topography comprise the entire set from
Te = 0 km to Te = 25 km, with a step of 0.5 km.
The £exure analysis is carried out on square over-
lapping windows of the studied area. On each
window the root mean square (rms) of the di¡er-
ence between the £exure CMI obtained for a spe-
ci¢c Te and the model CMI undulations is deter-
mined. The inverted Te for the speci¢c window is
the one that minimizes the rms error. Di¡erent
sizes of the windows were tested, the shift of
each window being held at 15 km. The inverted
Te ¢eld is thus obtained with a spacing of 15 km,
and every value was obtained by a best-¢t approx-
imation of the model CMI on a window of a
certain size. The window size was allowed to
vary between 60 and 170 km, and the resulting

Table 1
Parameters used for the computation of the £exure curves, both for the synthetic case and the Eastern Alps

Synthetic model Eastern Alps

Mantle density bm 3.1U103 kg m33 3.3U103 kg m33

Load density bl 2.7U103 kg m33 2.67U103 kg m33

In¢ll density binfill 2.7U103 kg m33 2.8U103 kg m33

Young modulus E 1011 Pa 1011 Pa
Poisson ratio c 0.25 0.25
Grid spacing dx, dy 5 km 5 km
Grid size CMI Lx, Ly 550 km by 500 km 400 km by 270 km
Grid size topo Lx, Ly 1200 km by 1200 km 1200 km by 1200 km
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inverted Te ¢eld was compared to the input Te
¢eld. Increasing the window size enhances the nu-
merical stability in the statistical evaluation. In
the case of the CMI with no additional noise,
the Te values are retrieved with a rms error of
0.9 km, with a window size of 90 km. Increasing
the window size does not reduce the evaluation
error considerably. In presence of noise, the Te
values are retrieved with a rms error of 1.3 km
considering a window size of 135 km. A further

increase of the window size reduces the evaluation
error by a small amount (0.1 km). A summary of
the test is given in Table 2, where rms di¡erence
between the inverted Te grid and the model Te
grid is given for di¡erent window sizes (60^
170 km). The calculated £exure is plotted on
Fig. 4A,B for the case of noise-free CMI and
5% noise, respectively. One can see that the model
Te is retrieved well, even in the case of high noise,
as for the second case (Fig. 4B).

Fig. 3. Maps of the synthetic model. (A) The model elastic thickness (in km). (B) The Eastern Alpine topography (in m). Topog-
raphy by the US Geological Survey GTOPO30-grid. (C) The resulting synthetic £exure CMI (in km). (D) The resulting £exure
CMI (in km) in presence of random Gaussian noise in the data.
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6. The spatial variations of Te in the Eastern Alps

The numerical strategy to retrieve the spatial
variations of Te is now applied to the Eastern
Alps, using a model of the CMI undulations
and of the surface and crustal loads. We use the
results from a detailed study [23] that was con-
cerned with the interpretation of the observed
gravity data in a geographic area of 400 km by
300 km extension centered on the recent TRANS-
ALP pro¢le (TRANSALP Working Group [27]).
The crustal density model is presently the most
detailed available for the Eastern Alps, and is
constrained by both geological and geophysical
information. Small di¡erences to the results pre-
sented by Ebbing et al. [23] are due to inclusion of
recent gravity measurements and ongoing investi-
gations.
The Alps are an orogenic belt extending from

the French-Mediterranean area to Switzerland
and Austria. The present geologic structure is
the result of several tectonic processes, which in-
clude both extensional and compressional strain
regimes, subduction of oceanic crust and collision
of continental blocks due to plate motions [28].
Airy-type local compensation isostatic models
that exclusively take the topographic load into
account failed to explain the crustal structure, as
the observed crustal thickness is greater than that
according to these models. Furthermore the great-
est elevation of topography falls North of the ob-
served Bouguer gravity minimum value across the
Alpine range, a further indication of the presence
of buried loads (e.g. [18,29^31]). The investigation
of the isostatic equilibrium according to the lith-

Table 2
Dependence of quality of Te evaluation on size of analysis windows during process of inversion for the synthetic case

Window size Rms on Te CMI without added noise Rms on Te CMI with added noise
(km) (km) (km)

60 0.96 2.7
75 0.93 2.0
90 0.86 1.6
105 0.87 1.5
120 0.81 1.3
135 0.84 1.3
150 0.79 1.2
165 0.82 1.2
170 0.80 1.2

Fig. 4. Map of the ¢tted values of elastic thickness for: (A)
noise-free synthetic CMI undulations, and (B) synthetic CMI
undulations with Gaussian noise.

EPSL 6322 29-8-02

C. Braitenberg et al. / Earth and Planetary Science Letters 202 (2002) 387^404394



ospheric £exure models has been done in the East-
ern Alps by several authors, but exclusively along
pro¢les [4,32^34]. These studies were done using
di¡erent approaches, including forward modelling
of the gravity ¢eld with the use of £exure models
[4,32,33], and the forward modelling of the curva-
ture of the basement in the area of the foreland
basin [34]. Also these studies found that the sub-
surface loads must give a relevant contribution to
the total load. An improvement of our study with
respect to these studies is that now a detailed
model of the crustal loads is available in the East-
ern Alps. Therefore the modelling of the spatial
variations of Te can be ful¢lled independently
from the modelling of the crustal loads, which
otherwise must be modelled in the course of the
£exure modelling. Details on the results of the
above studies will be given in the discussion of
the results.
Ebbing et al. [23] followed two approaches of

gravity interpretation, the ¢rst being a combina-
tion of 3D forward modelling and gravity inver-
sion, the second a pure 3D modelling. The models

presented there were based on results of older
seismic studies and the recent TRANSALP pro¢le
(TRANSALP Working Group [27]). Geologic
and tectonic information served as additional
model constraints for near-surface structures,
which enabled a detailed analysis especially of
the mass distribution within the uppermost 10
km of the crust.
The inversion approach is representative of a

case in which only the surface structure may be
forward modelled, because the lack of informa-
tion from deep seismic sounding does not allow
a full 3D modelling of the crust. The full 3D
model relies in its deep part strongly on the results
from seismic studies, and is representative of a
case where these are available.
The goal of the £exure analysis is to determine

to what extent the structural model is compatible
with the £exural isostasy model and what the spa-
tial variations of Te are. As shown by various
studies before, the calculation of the £exural ri-
gidity requires the consideration of buried loads
to avoid unreasonable results [2,10]. The use of a
well-de¢ned density model provides a means to

Fig. 5. Map of the observed Bouger gravity ¢eld in the East-
ern Alps. Data courtesy of B.G.I. (Toulouse), G.G.A.
(Hannover) and University of Vienna. Black line shows posi-
tion of TRANSALP pro¢le.

Fig. 6. Map of the CMI undulations according to the gravity
inversion in the Eastern Alps.
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quantify these buried loads and to include them
into the analysis of £exural isostasy.

7. The spatial variations of Te in the Eastern Alps

In Fig. 5 the terrain-corrected Bouguer gravity
¢eld over the studied area is plotted. For the grav-
ity inversion, the Bouguer ¢eld was stripped from
the contribution of the upper 10 km of the crust,
low-pass ¢ltered with cut-o¡ period of 75 km, and
the CMI undulations shown in Fig. 6 were ob-
tained. The complete 3D crustal forward model-
ling (a section of which is presented in Fig. 7)
resulted in the CMI undulations plotted in
Fig. 8. The greatest di¡erences between the two
models of the CMI undulations are due to the
steep gradients that characterize the forward
model in the southern border of the Alpine arch

and that a priori cannot be reproduced in the
process of inversion, as wavelengths smaller than
75 km variations are not considered.
As in the case of the synthetic model, the load

and the CMI undulations are the input data to
the £exure analysis. The load is given by the sum
of the topographic load and the inner-crustal
loads. The topographic load is equal to the prod-
uct of the topographic height and the density of
2670 kg m33, the same as used for the topo-
graphic reduction.
The calculation of the inner-crustal loads is

done in vertical columns:

Lburied ¼
XN
i¼1
hib i3

XN
i¼1
hib c

with Lburied inner-crustal loads, hi thickness of the
i-th layer, bi density of the i-th layer and bc the

Fig. 7. Section along the TRANSALP pro¢le through the forward crustal model (for geographical position of the pro¢le see
Fig. 5). Top: modelled (dotted) and observed (solid) Bouguer gravity. Center: density model, densities in 103 kg m33. Bottom:
load distribution of the model relative to a crustal reference density of 2.8U103 kg m33.
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density of the reference crust. In our model the
crustal reference density is equal to 2800 kg m33,
the mean crustal density of the forward density
model.
A plot of the total crustal load, obtained from

the sum of the topographic and subsurface loads
is made in Fig. 7. Inner and topographic loads
contribute in approximately equal amount to the
total load.
The best-¢tting Te value is deduced from the

minimum of the rms di¡erence between the ob-
served and computed CMI undulations. The anal-
ysis is carried out on square windows of 105-km
sides, which are shifted by 15 km in order to cover
the entire investigated area. The size of the win-
dow was selected according to the results found in
the preceding paragraph on the inversion of Te in
the synthetic model.
First, the CMI undulations obtained from grav-

ity inversion were analyzed. Here, the inner loads
refer to crustal inhomogeneities down to a depth
of 10 km, as below a homogeneous crust was
assumed. The resulting spatial variations of Te
are plotted in Fig. 9A, the residual CMI undula-
tions (£exure CMI minus gravity CMI) in Fig.

9B, and the resulting £exure CMI undulations in
Fig. 9C.
The values of Te are generally low, with a max-

imum value of 19 km in the northern part in cor-
respondence of the Molasse Basin. The mountain-
ous area has lower values between 3 and 9 km.
An area of locally higher Te values is found SE of
the town of Bolzano. The mis¢t in CMI undula-
tions is highest in the southwestern part of the
investigated area and along the axis where the
CMI is deepest, W and NNE of the town of Bol-
zano.
We now compare this result with that given by

the aid of the 3D forward model of the complete
crustal structure. The convolution analysis was
made again on square windows of 105-km sides,
shifted by 15 km. As before, the load (topographic
and inner-crustal) was convolved with the £exure
response functions, in order to obtain the mod-
elled £exure CMI. The load now comprises the
crustal density inhomogeneities of the entire crust,
not only those limited to the upper 10 km, as in
the previous case. The model Te, the CMI residual
and the £exure CMI undulations are plotted in
Fig. 10A^C, respectively. Again the Te values
are generally low, with highest values found in
the NE of the investigated area. The main body
of the Alpine range has values around 1^3 km.
The residuals are altogether low, in the order of
2^3 km, except in the southern part, in correspon-
dence with the Vicenza gravity high and in the
area where the CMI reaches its deepest values
(area southeast and northwest of the town of Bol-
zano). Altogether the residuals are smaller in the
latter case of the fully modelled crust.

8. Discussion of the observed spatial variation of
Te values in the Eastern Alps

The spatial variations of Te that we have ob-
tained for the Eastern Alps have a relatively high
spatial resolution with respect to the previous
studies, and are therefore not easily compared.
We ¢nd an increase of Te towards the Molasse
Basin and in the south towards the Po Basin,
whereas the main Alpine range is characterized
by low Te values. When considering crustal inho-

Fig. 8. Map of the CMI undulations in the Eastern Alps ac-
cording to the gravity forward modelling.
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Fig. 9. Results from the £exure analysis of the CMI undulations as they resulted from the gravity inversion. (A) Spatial varia-
tions of Te. (B) Residual of the CMI undulations (£exure CMI minus gravity CMI undulations). (C) CMI undulations predicted
from the £exure model.
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Fig. 10. Results from the £exure analysis of the CMI undulations as they resulted from the forwards gravity modelling. (A) Spa-
tial variations of Te. (B) Residual of the CMI undulations (£exure CMI minus gravity CMI undulations). (C) CMI undulations
predicted from the £exure model.
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mogeneity limited to a depth of 10 km, a higher
Te is found along the SW border of the Alpine
range, correlated with the positive Bouguer values
(compare Fig. 5). This increase of Te values can
be attributed to the lack of consideration of deep
crustal loads. In fact, this area of increased Te is
not anymore present when the full crustal model
is used for the inversion of the spatial variations
of Te.
The values of Te we obtain in the Molasse Ba-

sin are comparable to those found by Stewart and
Watts [4], who give a single value of 20V 5 km for
a pro¢le that crosses our study area, but extends
about 400 km farther to the North. This pro¢le
replaced earlier results of Karner and Watts [32],
who found a greater value of elastic thickness of
50V 5 km. The value found by Royden [33] is still
higher (40 km for the Eastern Alps, 20 km for the
Southern Alps), but was obtained by taking into
account only the crustal loads of the sedimentary
basins, and neglecting the in£uence of other den-
sity inhomogeneities, which could be the cause of
this higher value. Finally, Andeweg and Cloetingh
[34] modelled the basement depth of the German
Molasse Basin along two pro¢les with a £exure
model, obtaining a Te value of 25 km. The low
value of Te we ¢nd in the central part of the Al-
pine range shows that here the crustal thickening
conforms to that of a thin plate with low rigidity,
near to an Airy-type local isostatic compensation.
This could be an indication of the presence of a
plate brake, which can be approximated as a con-
tinuous plate with a zone of low Te values [2].
The high values of curvature of the CMI to the

south of the Alpine crust cannot be modelled by
the simple £exure model, and require a more so-
phisticated 3D mechanical model.
Another reason for the disagreement could be

that horizontal and vertical tectonic forces linked
to the collision process of the European and
Adria plates must be taken into account, a task
that can be only ful¢lled in a complete 3D me-
chanical model.

9. Conclusions

In the present work a discussion on the use of

spatial and spectral analysis of £exure is made.
The spatial analysis refers to the convolution
method for the £exure analysis, which requires
the preparation of a series of unit impulse £exure
response functions that convolved with the topo-
graphic load give the required thin plate £exure
response. The correct £exure parameters are ob-
tained by ¢tting the crustal structure, obtained
from an independent geophysical investigation,
with the thin plate £exure response to the load.
This latter procedure bears two main advantages:
the ¢rst is that the analyzed area can be of arbi-
trary shape, not necessarily square, a requirement
necessary for the classical admittance/coherence
analysis. A second advantage emerges in the
case that the preponderant part of the load is
topographic. In fact the analysis requires the
load, i.e. the topography to be known over an
extensive scale, which, depending on the elastic
thickness involved, ranges from 200 to 1000 km
in length. For a single Te evaluation the crustal
structure in terms of the £exed surface must be
known on a much smaller scale, in other words on
the order of 100 km length in order to obtain
accurate values of the £exure parameters. This
last condition is much less restrictive than in the
case of the admittance analysis, where the size of
the topography and of the gravity grids must be
the same.
In the present work some aspects of the statis-

tical evaluation of £exure parameters from the
analysis of topographic and gravity data have
been discussed. It has been pointed out that the
widely used method of admittance/coherence
analysis of topographic loads and gravity ¢elds
and subsequent interpretation with £exure admit-
tance functions adopts only an approximated ex-
pression for the gravity ¢eld evaluation. The
problem is more severe over those areas where
the crust is thicker. This drawback is eliminated
when the crustal structure is ¢rst determined by
constrained gravity inversion and forward model-
ling, where corollary information can be built into
the model. This information can be a geological
and structural model, or results from seismic in-
vestigations. In a second step the £exure analysis
is carried out.
The e⁄ciency of the method has been tested in
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the case of a synthetic model, where the £exure
parameters of the lithosphere model were re-
trieved. The model topography corresponds to a
section of the Alps, and the £exure parameters
vary in plausible bounds. It has been shown that
the method is robust. In presence of noise in the
£exure CMI data, the method retrieved the right
£exure properties. In the test, only surface topo-
graphic loads were considered, but the method
can be extended analogously by adding subsur-
face loads into the lithospheric model.
This has been done in the real example of the

Eastern Alps. The analysis of £exural rigidity was
made taking advantage of a 3D density model,
which allowed to quantify the buried loads across
the mountain range and into the foreland basins.
We ¢nd that the subsurface loads and the surface
loads are correlated. This implies that the spectral
£exure methods that retrieve the subsurface loads
under the hypothesis of uncorrelated surface and
subsurface loads cannot be applied in this area
(e.g. [35]). The computation leads to results that
have higher spatial resolution than previous stud-
ies. Regarding the northern foreland basin, our
results for the values of Te are comparable with
previous studies, but we ¢nd a decrease of the
values in the main Alpine range. As we used the
continuous plate model with variable elastic thick-
ness, this can be interpreted as the presence of a
plate brake. The plate brake is to be expected as
the Alps are at the border of two merging plates,
the Eurasian and the Africa^Adria plate. Devia-
tions of the modelled and the £exed CMI are
probably due to recent tectonic forces, which
can only be regarded by a 3D mechanical model.
In the near future, the same approach of £exure

analysis will be carried out for the Andes and in
the Tibetan area, by taking advantage of a recent
model of the crustal structure computed from 3D
forward modelling and inversion of the observed
gravity ¢eld [20,21,36].
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Appendix. Evaluation of the error in the
approximate expression of the gravity
¢eld of the £exed plate

We may approximate the downward-£exed
plate by a series of rectangular prisms of constant
density and varying height. We then consider the
error in the gravity calculation of a single prism,
as for this latter case the error estimation can be
computed analytically [24,25]. The gravity ¢eld
caused by a prism of sides a, b, length L, and
density bm3bc, the top of which is set at the
depth d, is :

Gað k
!Þ ¼ Gðbm3b cÞ sincðkx; aÞ sincðky; bÞ

ðe3M k
!

Md3e3M k
!

MðdþLÞÞ 2Z
M k
!
M

ðA1Þ

with

sincðkx; aÞ ¼
sinðkxa=2Þ
kx=2

The FT of the gravity ¢eld estimated by the
upward continuation is given by:

Guð k
!Þ ¼ 2ZGðbm3b cÞL sincðkx; aÞ

sincðky; bÞ e3M k
!

Md ðA2Þ
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We may consider the di¡erence of these two spec-
tra, normalized with the value of the spectrum at
zero wavenumber (i.e. mean value component),
that is:

Gað0Þ ¼ 2ZGðbm3b cÞabL ðA3Þ

The normalized di¡erence is then:

Guð k
!Þ3Gað k

!Þ
Gað0Þ

¼ 1
ab
sincðkx; aÞ sincðky; bÞ

e3M k
!

Md 1þ 1

LM k
!
M

ðe3M k
!

ML31Þ
 !

ðA4Þ

Fig. 11A shows the normalized di¡erence for dif-
ferent vertical extensions (L) of the prism and
located at di¡erent depths d, the sides being
a= b=20 km, versus the spatial wavenumber k.
It shows that the estimated coe⁄cients Gu(kk) of
the gravity ¢eld are systematically greater than
the correct ones Ga( k

!
) from the analytical expres-

sion, the relative error being greater for increasing
vertical extension of the prism, for constant
depth. The e¡ect of this di¡erence is illustrated
on Fig. 11B, where the gravity values along a
pro¢le centered on and following parallel the di-
rection of one side of the prism are shown. The
two displayed cases correspond to (1) a prism of
length 10 km with the top set at 5 km depth; and
(2) a prism of 20 km length with top at 30 km
depth. The black curves represent the correct
¢eld, the gray curves the upward-continued ¢eld.
As the crustal root can be approximated by a set
of vertical prisms, we conclude that the gravity
e¡ect calculated by the linear relation in Eq. 5b
systematically overestimates the ¢eld produced
by the root.

Technical details on the calculation of the £exure
impulse response

The impulse response is obtained from the nu-
merical inverse FT of the £exure transfer func-

tion. The £exure transfer function, a steadily de-
creasing function with maximum value in the
origin, is calculated on a square grid of elements
NUN and frequency resolution df. Due to the
limited size of the spectral grid, the £exure trans-
fer function must be truncated at a frequency f0,
which should be su⁄ciently small with respect to
the value in the origin. For each elastic thickness
a di¡erent value of N and df must be chosen, with
df=1/N dx. The choice of the parameters N and

Fig. 11. Comparison of the upward-continued and analytical
gravity ¢elds. (A) Normalized upward-continued spectrum
minus analytical spectrum versus radial frequency and for
di¡erent prism lengths L and depths d (top of prism).
(B) Upward-continued and analytical gravity ¢eld versus sec-
tion (along x or y) for two prisms.
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df is to be made by the following conditions:
dx=dy should be as close as possible to the sam-
pling interval of topography; the spatial fre-
quency f0 for which the ¢lter function has reached
reasonably low values (1% of maximum value)
should be less than the Nyquist frequency (df N/
2) ; the transfer function should be evaluated with
a reasonable frequency resolution (e.g. 1/100 of
the maximum spatial frequency f0 as de¢ned
above). An increase in the sampling interval dx
implies that the values of the impulse response
must be interpolated in order to apply the oper-
ation of convolution with topography. A lower
maximum frequency f0 and a lower frequency res-
olution df implies that the response functions are
less well de¢ned. In Table 3 the maximum fre-
quency that must be covered by the grid (f0 in
km31), the sampling interval of the impulse re-
sponse (dr in km), and the number of elements
along the baselength (N) of the square grid, for
each elastic thickness (Te in km) are listed. It
should be noted that the number of elements of
the grid is N2, and that this number rises quickly
for increasing elastic thickness, as can be veri¢ed
in the table. It has been thus necessary to increase
the value of the sampling interval for greater elas-
tic thicknesses, otherwise the grid is too large for
the computer capacity.
When operating the convolution of the load,

the ¢lter function must be necessarily truncated

at a certain distance (Rmax), which determines
the area over which the ¢lter is convolved with
topography. Again the criterion of considering
all values greater than a certain percentage point
of the maximum value is applied. In Table 3 the
distances of the 1% and 10% percentage points
are reported for di¡erent values of elastic thick-
ness. In practice, the value of Rmax is conditioned
by the data availability of topography covering
the studied area.
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