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The resolution of satellite-derived global gravity models 
(GGMs) is adequate to resolve the mass distribution in the 
continental crust, the strong density contrast at the crust-
mantle boundary (CMB), and the undulations of the 
lithosphere-asthenosphere boundary (LAB). These aspects 
suggest that GGMs can be promising tools in modelling the 
deep thermal state of the lithosphere, the heat transfer 
regimes involved and the heat flow through the Earth 
surface. The directly measurable near-surface temperature 
field is largely influenced by ongoing geodynamics and near-
surface processes, both of which have shorter characteristic 
timescales than the one needed by purely conductive 
thermal diffusion to reach steady-state in the lithosphere. 
Heat flow measurements are also costly, their distribution is 
o�en biased towards areas of increased interest (e.g. those 
with high fluxes, exploited for high-enthalpy geothermal 
energy) and public access to data is an issue. Collecting and 
harmonising the published datasets to a common standard is 
an effort spanning multiple decades [1].

Gravity and geoid anomalies have already been integrated in 
multi-observable modelling strategies, and show a 
satisfactory resolving power for investigating the nature of 
lithospheric inhomogeneities [2]. Still, satellite-derived 
gravity data alone –which has an unmatched global 
sampling regularity– can already provide estimates 
independently from other geophysical data, before 
integration. A relationship between the lithospheric mass 
distribution (inverted from density contrasts) and models of 
its thermal state must rely on laws connecting density and 
thermal parameters (i.e. radioactive heat production, 
thermal conductivity, boundary conditions), and a set of 
hypotheses on the heat transport mechanisms involved.
A key factor is the radioactive heat production (RHP) 
occurring in the crystalline continental crust, which exhibits 
a 50-fold increase against sub-continental mantle content in 
U, Th, K [3] and is a major component of the surface heat 
flow even when superimposed with concurring near-surface 
disturbances [4].

Estimating the distribution of these elements occurring throughout the continental crust is not a trivial task, since direct 
and indirect observations (outcrops, xenoliths, and tomographies [5, 6, 7]) indicate that any simple relationship between 
crustal thickness and heat production [8] is complicated by the large intra-crustal compositional variability. For such 
reasons stochastic approaches are commonly employed, either exact solutions [9] or random modelling [10], and the 
results are commonly described with their probability density function. Apart from parametric uncertainty, the entity and 
predictability of the relationship between crustal thickness and total heat production is difficult to evaluate on itself, due to 
aforementioned superposition of effects in the observed surface heat flow.
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While 1D vertical heat transport is expected as a first order 
mechanism (the steepest gradient in the lithosphere is 
always the one from LAB to surface), horizontal 
conduction arises from horizontal discontinuities in 
radiogenic heat production, in thermal conductivity and in 
variation of the boundary conditions (i.e. the thermal 
thickness of the lithosphere).
With the aim of obtaining reliable results from joint heat 
flow - gravity field modelling, such as the isolation of the 
crustal component from surface measurements, or the 
inversion of structures (e.g. basins) that can rearrange the 
regional thermal regime, we show how horizontal heat 
transport complicates the interpretation of surface heat 
flow, even before taking into account the complex 
variability of thermal parameters.
An aspect of particular interest is how the relationship 
between crustal thickness and bulk heat production is 
affected by this - hindering the straightforward 
application of gravimetric Mohos to obtain thermal 
insights. This required the setup of a simple and efficient 
solver for the heat equation on 3D volumes, adequate for 
the problems under enquiry and further devolpments.

We developed a 3D finite-difference forward modelling 
solver, on rectilinear domains, with non-homogeneous heat 
production and conductivity. It solves the steady state 
diffusion equation in the form:

where k is the thermal conductivity, A is the heat production 
per unit of volume, and x is the position vector. The adopted 
finite difference scheme is a geometrically simple 
configuration, which imposes some limitations on the shape 
of the modelled bodies: we are employing a block 
discretisation. These limitations are outweighed by the lean 
code and the light implementation (less than 5% of runtime 
is spent on building the coefficient matrix). The smoothing 
effect carried out by heat diffusion is such that the effect of 
sharp steps at depth is negligible at the surface. Another 
advantage is that the rectilinear discretisation is coherent 
with the commonly used prism discretisation adopted in 
gravity modelling, a much needed aspect when planning to 
carry out joint modelling.
The input consists of k and A, as volumes of nodes of the 
rectilinear grid. Using a dedicated function, models can be 
defined layer-wise and translated into volumes, a flexible 
approach to intuitively include both synthetic experiments 
and real data.
The layer definition can include the depth dependence of k 
and A (which is computed when the volume is filled) or the 
temperature dependence of k (which can be taken into 
account iteratively, starting from an initial temperature 
guess).

The coefficient matrix is inverted with a direct solver based 
on the Cholesky decomposition (CHOLMOD). When memory 
becomes a constraint, the script can revert to the generalised 
minimal residual method, an iterative solver.
The whole framework is implemented in Matlab.
In regard to the gravity part, forward modelling is carried out 
with a prism based algorithm, while the inverse modelling 
relies on an iterative constrained inversion routine [12].
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A straightforward strategy: adopt a reference crust and scale 
it to the crust thickness obtained through gravity inversion. 
We test this in figure 4, under ideal conditions.

In the example of figure 4 the depth-wise distribution of 
heat production in the reference crust was known. We 
also knew that it perfectly scaled with crustal thickness (an 
ideal condition: e.g. shortening and thrusting of two 
identical crusts).
What if, having an ideal coverage of surface heat flow 
measurements, free from any near-surface noise, we try 
to construct a linear relationship from crustal thickness 
and surface heat flow?
This equals to the traditional linear model [see 8] 

The difference between the inverted-restored 
surface heat flow (blue) from the true one 
(red) is all due to the upward continuation of 
gravity (loss of higher frequencies) and the re-
mapping of a multilayer structure to a 2-layer 
crust-mantle model.

By interpreting these fits as slope = average heat production (A), intercept = basal heat flow (Qm) we get:
•a, b: increase in crustal heat production is partially compensated by a decrease in Qm

•c: retrieving the heat parameters by fitting different crustal thicknesses underestimates A and 
overestimates Qm, this has strong implications: more weight to to deeper components means larger 
surface footprints - more strong in d (38 mW/m2 means a hot lithosphere: implications in strength)
Take home point: non-linear effects justify more complex regression schemes.
Suggestion: in the ideal case above, a uniform search in parameter space finds the correct thickness vs 
surface heat flow relationship. What about the real case? (near-surface "noise", uneven sampling, ...)
The same LAB depth results in different Qm- strong control by crust and shallow structures.2
Sensitivity analysis: we must evaluate how structures of regional thermal significance can be sensed. 
What are the instrumental requirements?
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Figure 1: State of the available data: 
the difference between thermal 
measurements and satellite gravity 
models.
An example in Central Europe, across 
the Trans-European Suture Zone 
(shown as the 150 km lithosphere 
thickness contour, from [11]), an area 
with a relatively dense heat flow 
sample distribution.
Map A: heat flow measurements, as 
publicly available in [12].
Map B: map of the distance from the 
nearest measurement, in km.
Map C: Free Air gravity anomaly at 8 
km over GRS80, calculated from the 
GOCE-derived GO CONS GCF 2 TIM R5 
global gravity model (oversampled 
to 0.25 deg/px).

Figure 2: horizontal heat flow 
component arising from two 
bodies.
Top row: surface heat flow, 
second row: heat flow through 
the Moho, third row: Moho 
temperature, bottom row: 
section and quiver plot of heat 
flow.
Le� side: a body enriched in 
heat producing elements 
(purple) emplaced in the lower 
crust (otherwise depleted).
Right side: a sedimentary unit 
(cyan) with low thermal 
conductivity.

Figure 3: A disturbing body (80x2 km sill-like, +0,2 kg/m3, +2μW/m2) at 
varying depth. Le�: g anomaly at 8 km height. Right: surface heat flow.
We show the width of the surface footprint (0.5 times the value at x=0) 
and the maximum anomaly.
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Figure 4: A forward - invert - restore test under ideal conditions.
A 10 km crustal thickening of a linearly scaling crust. The lithosphere 
thickness is constant and the undisturbed Moho depth is known 
(reference at 0 mGal). The forward gravity (B) is computed at an 
altitude of 8 km and low-pass filtered at 70 km, to simulate its retrieval 
from a satellite-derived gravity model up to N=280. (C) shows the 
apparent Moho obtainted from 2-layer inversion, from which a crustal 
model is retrieved. The same scaling relationship occurring in (A) is 
used. In (D) both the true surface heat flow and the one retrieved from 
the gravity inversion are shown. 
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Figure 5: Top le�: the model section. Top right: the depth-wise 
distribution of radioactive heat production (A), thermal conductivity (k) 
and temperature (T). The green and red lines refer to two crustal columns, 
far from the lateral transition (see markers), the blue line represents the 
temperature difference between the two.
Q(SFC): surface heat flow, Q(CMB): heat flow at the Moho.
Bottom right: crustal thickness and surface heat flow. Linear fits:

a) true condition for the 40 km crust

b) true condition for the 50 km crust

c) result of fitting with data at the two markers

d) result of fitting in the sloped zone
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